AN UNUSUAL TYPE OF EXPANSION PROBLEM*

BY

M. H. STONE

In the majority of papers on the expansion problems associated with
linear differential systems or with integral equations, the chief aim is a
proof that a function, arbitrary within the limits of certain restrictions
as light as possible, can be expanded in a uniformly convergent series of
functions arising from the differential system or the integral equation. As
exceptions to the rule we may cite a number of papers dealing with dif-
ferential systems for which the boundary conditions are of irregular type.t
In the following paragraphs we present a study of the linear differential
system of the first order, without the customary limitation that a certain
coefficient in the differential equation remain positive; the results obtained
are in sharp contrast not only with those found for the usual expansion
problems and those already mentioned in connection with irregular boundary
conditions, but also with the facts for the precisely analogous second order
differential system.} A second point of some interest is the appearance of
a normal orthogonal set of trigonometric functions differing from the nor-
malized Fourier set but as closely related to it as are the sine and cosine
sets. It is interesting that this exceedingly simple differential system seems
to have escaped attention entirely. So far as we know, the existence of
this gap in the theory of boundary value and expansion problems was first
pointed out by Professor Birkhoff in a recent course of lectures on the
theory of linear differential equations.

I. THE FORMAL EXPANSION PROBLEM
We shall study here the two linear differential systems

@ w+ipu =0, 0Lz 1, u(0)—u(1) =0;

@ w+ipu=0, 0

IA
IA

z < 1; u(0)+u(1) = 0;

* Presented to the Society, march 1, 1924.
+Jackson, Proceedings of the American Academy of Arts and Sciences, vol. 51
(1915-16), pp. 383-417; Hopkins, these Transactions, vol. 20 (1919), pp. 245-259.
} Mason, these Transactions, vol. 8 (1907), pp. 427-432; Lichtenstein, Rendicorti
del Circolo Matematico di Palermo, vol. 38 (1914), pp. 113-166.
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in which 4 is a complex parameter and p is a bounded summable function

with Lebesgue integral jo lp dx equal to unity, which satisfies the further
requirement that a finite set of non-overlapping intervals ¢, , 05, - -, o, can
be determined such that
(a) the set covers the unit interval just once;
(b) on g; either p > 0 almost everywhere (i.e., except upon a set of
points of zero measure) or p << 0 almost everywhere;
(¢) if p>0 on ¢; almost everywhere, then p < (0 almost everywhere
on the two adjacent g-intervals and vice versa.
It has been customary to assume p > 7 >0 on the unit interval in dis-
cussions of expansion problems; in the present paper we dispense with
this requirement. It will be apparent in the course of the development
that there is no essential generalization in supposing p of the character
already described rather than continuous with a finite number of changes

of sign. At this point we may also remark that the more general dif-
ferential system

W+ (Ap+q)u =0, a <z <),
Au(a)+ Bu(d) = 0,

L
where 4 and p are restricted as before except that J: pdx is merely dif-
ferent from zero, ¢ is any summable function, and 4 and B are real numbers
different from zero, can be reduced by a series of real linear transformations
of the independent variable and of the parameter together with a real
transformation of the independent variable in the form

u=u1A(x1), A(xl) * 0, Oéxlél:

to either (1) or (2) according as AB < 0 or AB > 0; the transformation
can be effected in the sense that the new differential equation is true except
possibly on a set of zero measure. If complex transformations are ad-
mitted (1) can be taken into (2), and conversely, in an analogous manner.

The adjoint differential systems for (1) and (2) are readily computed as

(3.1) —v'+Apv = 0, —v(0)+v(1) 0;
3.2) —v' 4+ ipv = 0, —v(0)—ov(1) = 0.

The differential equation '+ 2pu = 0 has the function

x
u = ¢ *P@, P(x) = fopda:,
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as a solution in the sense that u satisfies the differential equation except
possibly on a set of measure zero. That this is the case may easily be
verified by substitution, if it is remembered that P'(x) = p(z) almost
everywhere, in accord with the theory of Lebesgue integration.* Further-
more, any other solution w; which is a Lebesgue integral is a constant
multiple of u. To prove this we notice that

%) = #@na+apul = o.

On integration we find that wu;/u = a constant. In the same way, the
adjoint differential equation —»’ 4 Apv = 0 has a solntion v = ¢*P(®, unique
except for a constant factor. When these solutions # and v are substituted
in the boundary conditions of the two differential systems and in the adjoint
boundary conditions, the characteristic equations

(4.1) f=1,
(4.2) A= —1

are obtained. The roots of these equations, the characteristic numbers,
are immediately seen to be

(5.1) M = 2kmq, k=0, £1, +2, ...,

(5.2) e = mi+2kmi, k=0, t1, £2, ....

In case we had admitted the equality J: pdxz = 0 we should have found
here that every i is a characteristic value in (1), and that no 4 is a
characteristic value in (2). Under our hypotheses the characteristic values
form the discrete sets of numbers just determined. For solutions of (1)
and (3.1) corresponding to distinct characteristic numbers ;, 4, we have,
from the differential equations,

(lj——).k)j; purvjdx ——fﬁ (urvf +uivj)dx = we (1) v;(1)—ux(0)v;(0).

* Lebesgue, Legons sur U'Intégration, Paris, 1904, pp. 124-125; de la Vallée Poussin,
Intégrales de Lebesgue, Paris, 1916, § 67.
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On account of the boundary conditions for (1) and (3.1) the last expression
vanishes, so that .
f purvidr = 0.
0

On the other hand, for solutions corresponding to the same characteristic
number we are led to

1 1 1
fpukvkdx =f pe—th(z)e-l-hP(x)dx — f pdz = 1.
0 0 0

In similar fashion we find for (2) and (3.2)

By analogy with Fourier series the following formal expansions of an
arbitrary function integrable in the sense of Lebesgue are suggested-

+% 1

(6.1) _2.0 ax U, ax = J;pka dx;
o 1

(6.2) _2” ax Uk, ax = j;pka dx;
+ 00 1

(1.1) 2.0 by vk, b = J;pfuk dx;
-+ o0 1

(1.2) 2> bk, by = .J;pfuk dx.
—o0

If we perform the formal operation of collecting the conjugate complex
terms in these series, we find two related formal series of real terms with
real coefficients. For the series (6.1) and (7.1) the terms with subscripts
+ % and —k respectively are conjugate complex; and the grouping of these
terms yields one real series

8.1) Ao+§'l°;{Ak V% cos 2km P(x)+ By V Zsin 2k P(x) }
1 1
Ao=fopfdx, Ak=J;pr§cos2knP(x)dx,

1
B, = fpfﬁsin2k7tP(w)dw.
0
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Similarly, the pairs of conjugate complex terms in the series (6.2) and (7.2)
are those with subscripts ¥ = 0, —k—1 respectively; and the series ob-
tainea by collecting terms is

(8.2) Z:,‘{Ak V'2cos(2k+1)m P(z)+ B V' 2sin(2k+ 1) n P(z) } 5
1
Ak=£pflf2cos(2k+1)np(x)dx.
1
Bkzi:pfl/_fsin@k—l—l)nl?(x)dx.

It should be noted that the set of functions

1, V2cos2nz, V2sin2az, V2cosdnz, V2sindnz,---,

which serves as a basis for the formation of the series (8.1), is merely the
ordinary Fourier set transformed to the unit interval and normalized.

II. THE cASE p =1

Before proceeding to more general considerations we propose to discuss
the series (8.1) and (8.2) when p = 1 almost everywhere. In this case
P(x) = « so that the expansions appear as series formed from the two
normal orthogonal sets

© 1, V2cos2nxz, V2sin2nz, V2cosdnxz, V2sindnz,---,
(10)  V?2cosnz, V2sinmz V' 2cos3nz, V2sin3nz,---,

on the interval (0,1). Concerning the expansions of an arbitrary function
integrable in the sense of Lebesgue we shall prove the

THEOREM 1. The formal expansions of an arbitrary summable function in
terms of the sets (9) and (10) on the interval (0,1) are the formal expansions
in terms of the mormalized Fourier set for the interval (0,2) of two functions
J1 and f; respectively.

Proof. The normalized Fourier set for the interval (0,2) is seen to be

1
(11) Vo cosnz, sinmz, cos2nx, sin2nxxz, cosdnx, sindnazx,---.

If we denote by ax, bx the Fourier coefficients of a summable function in
terms of (11) we have
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1 2 1 1
ao = Vgﬁfdx = ﬁfo {f@)+fa+1)}da,
2 1
sk =j(: Jfeos2knxdx =J; {f(@)+f(@+1)}cos2kmada,
2 1
bor =J;fsin2knxdx =j; {f@)+fxz+1)}sin2knzde,
2 *1
a2k+1=j;fcos(2k+ l)nwdaczjo {f(z)—f(xz+1)}cos(2k+1)nzdz,

bokt1 =J:fsin(2k—|—1)uxdx=£l{f(x)—f(:c—l—1)}sin(2k—|— Drzdz.

If there is given an arbitrary summable function f(z), 0 < = < 1, we
define f;(x) for the interval (0,2) by the identities

fHilx) = flz), 0=5z<1,
filz+1) = flz), 0<z<L1.

Then the Fourier series of f; on (0,2) has the coefficients

1 1 1
ay = ngt:fdx, O2x = 2ffcos2knxda:, box = 2ffsin2knxdx,
0 0
asg+1 = bex+1 = 0.

Furthermore the Fourier series thus set up,
00
o > {askcos2kma -+ bysin2kmwa },
Ve &

is term for term the formal series for f(x) in terms of (9) on (0,1).
Similarly, if we take f;(x) such that

filz) = flz), 0Zz2<L1,

Sfilz+1) = —f(z), O0<z<L1,
there results

a0 = agx = ba = O,

1
k41 = 2]; Sfeos(2k+1)mxdx, bog+1 = 2f Sfsin(2k+1)nzxdex,
0
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and the formal series for f; becomes
kZO{Mk+1COS(2k—I—1)7Ix—|— Doy 1sin(2k+ 1) 7wz}

which is identified at once as the formal expansion of f(x) in terms of
(10) on (0,1).

CorROLLARY 1.  The term-by-term difference of the formal series for f(x)
in terms of the Fourier set (9) and of the set (10) converges uniformly to
zero on any closed interval interior to (0,1).

Proof. This term-by-term difference is the Fourier series on (0,2) for
Jfi—/fe; since fi—fa = 0, 0 < =z < 1, it follows that this Fourier series
converges uniformly to zero on any closed interval interior to (0,1), by one
of the most elementary properties of Fourier series.

CoroLLARY II. If f(x) is continuous and of bounded variation in a neigh-
borhood on the right of x = 0 and s continuous and of bounded variation
in a neighborhood on the left of x = 1, the formal series for f(x) in terms
of (10) converges at x = 0 to $(f(0+)—f(1—)) and at x = 1 to
H—rO0+)+r(1—)).

Proof. This is a direct consequence of the fact that the series is a Fourier
series for f;(x) on (0,2). It is sufficient to recall that under the conditions
stated this Fourier series converges at x = 0to (/2 (0+)+/2(2—))
and at x = 1 to 3 (o (1—)+/2(14)).

It is clear that a large number of properties of Fourier series will be
carried over by Theorem I and Corollary I to the series formed from (10).*
In particular there exists no summable function other than a function
identically zero almost everywhere on (0,1) such that its Fourier-like co-
efficients with respect to (10) all vanish. Again we see by Corollary I that
all properties of divergence and of both uniform and non-uniform conver-
gence and summability are shared alike on any closed interval interior to
(0,1) by the expansions fcrmed from the Fourier set (9) and the set (10).

*It is of interest to notice that analogous considerations for the Fourier series on
(0,27) will lead to the series in terms of the sine set and of the cosine set on (0, %),

2 . /2. 1 2 1/2
7 sinx, ;sm2x,-~; = 5 cosx, ;cos2w,---.

The term-by-term difference of the formal expansions of any summable function on (0, =)
in terms of these two sets converges uniformly to zero on any closed interval interior to
(0,7). For functions summable with summable square this was proved by Walsh and
Wiener, Journal of Mathematics and Physics of the Massachusetts Institute
of Technology, vol. 1 (1922), pp. 103-122, especially pp. 115-116.
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Gibbs’ phenomenon is also common to the two series in the neighborhood
of any interior point of the unit interval for which it occurs for the series
from (9). The behavior of an expansion in terms of (10) on the entire
unit interval may be discussed by means of the Fourier series for f; on
(0,2). The set (10) is thus of considerable interest as a set of trigonometric
functions distinct from the Fourier set but resembling it very closely and
arising from a similar differential system. We may also observe that ex-
pansions in terms of (10) can be investigated separately from the Fourier
series by means of an integral analogous to the Dirichlet integral which
is central in the theory of the latter.

III. THE TRANSFORMATION ¢ = P(x)

It is evident at a glance that the transformation ¢{ = P(x) is of fun-
damental importance in the discussion of the series (8.1) and (8.2) since,
no matter what summable function is used in calculating the coefficients,
any sum attributed to the series must be of the form f[P(x)]. The
relation of this sum function, if it exists, to the function for which the
formal series is written down will depend on the nature of this transformation
and its application to the integrals which are the coefficients of the series.
We therefore devote a section to a detailed study of the relation ¢ = P(x).

From the assumptions made in § I concerning the function p (x) we may
immediately deduce the following theorem which describes the manner of

oscillation of the continuous function P(z) = J; zp dx:

THEOREM 1I. The interval (0,1) can be divided into a finite set of mon-

overlapping intervals &, &, ---, &n such that

(a) the set covers the whole unit interval;

(b) on & the function P(x) either always increases or always decreases and
Jurthermore P(x) lies between consecutive integers: k < P(x) < k—+1,
k= _-M) _M+17 ey, —1,0,1, 000 + M;

(©) if on & the function P(x) always increases (decreases) and lies between
consecutive integers k and k1, then on the two adjacent E-intervals
P(x) either always decreases (increases) or does mot lie between the
integers k and k- 1.

Proof. On any one of the intervals ¢; of § I, p(x) is either positive

or negative almost everywhere. For the purpose of the argument we may
assume the first possibility to be the case. Then for any two points x,

o

x; on that interval we have P(a:)— P(x,) = J; 21oaloc>0, 3 >y,
1

since there exists on (z;, ;) a measurable set of points with measure

greater than zero on which p(z) is positive. The same type of reasoning
applies when p(z) is negative on g; rather than positive.
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Each interval ¢;, on which P(x) is now known to be either always
increasing or always decreasing, can be divided into a finite number of sub-
intervals on each of which P(x) lies between consecutive integers and on
no two of which P(x) lies between the same pair of integers. The number
of sub-intervals thus determined is finite since P(z) is continuous.

The sub-intervals just defined form a set of intervals &, &, ---, &, Wwith
all the properties set forth in the statement of the theorem.

It is now an exceedingly simple matter to determine the manner in which
the intervals &; are transformed by the relation ¢ = P(x). We have

THEOREM III. The transformation t = P(z) takes the set of intervals
& into a set of intervals v; such that

(@) 7; has positive or megative sense according as P(x) increases or de-

creases on &;

() the algebraic sum of the intervals t; is the unit t-interval;

(c) z; lies between successive integers.

Proof. The interval & :(as;b;) clearly goes over into the interval =;:
[P(a;), P(b:;)]. Statements (¢) and (¢) are then made apparent by
Theorem IT (b). It is also easy to see that if 0, xy, a3, .-, 2n—1, 1 are
the end points of the intervals ¢; of § I the algebraic sum of the intervals z; is
found by adding the intervals [P(0), P(x1)], [P(21), P(x2)], ---,
[P(xn-1), P(1)] algebraically. The sum is then seen to be the interval
[P(0), P(1)] which is precisely the interval (0,1).

Before going on to discuss the transformation of integrals, we shall state
two necessary lemmas of a general nature. Of these we shall prove the

‘7
Lemma 1. If ¢ = ¢(x) is the Lebesgue integral J; g(x)dxz+d of a
summable function g(x) which s positive almost everywhere a < xz < b, then

(a) t = t(x) has a unique inverse x = x(t) which is a one-valued always
increasing function of t, a' <t < b,

¢
) x(t) s equal to the Lebesque integral J; gTj{m—l- a.

If t = t(x) is the Lebesgue integral J;xg(a:)dx—{— a' of a summable func-
tion g(x) which is megative almost everywhere a < x < b, then
(a) t = t(x) has a unique inverse x = x(t) which is a one-valued always
decreasing function of t, b’ <t < a'; it
(b)x(t) is equal to the Lebesque integral J: ,m+a'
Proof. As we have already seen in the proof of Theorem II, ¢{(z) is

an always increasing continuous function of x when g(z) is positive almost
everywhere on (a, b); statement (a) of the first part of the lemma follows
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immediately from this fact. Turning now to () in the first part of the
lemma, we examine the equality

x(t+h)—z(t) n
h T t(x+H)—t(x)’

where %, k' vanish together. The reciprocal of the term on the right
has the limit g(z) almost everywhere; since g(z) is positive almost every-
where the term itself has a finite limit almost everywhere. Corresponding
to the set of zero measure on the x-axis for which the limit does not exist
or is not equal to g(xz) there is a set of zero measure on the ¢-axis. To
establish this statement we note that the measure of the set of points on
the ¢-axis corresponding to a finite or denumerably infinite set of non-

overlapping intervals E on the z-axis is equal to the integral fydx.
E

We can now enclose any set of zero measure on the z-axis in an open
point set of measure less than d*, that is, in a finite or denumerably
infinite set of non-overlapping closed intervals E+. By choosing d sufficiently
small we can make the measure of E’, which corresponds to £ and
therefore contains the set corresponding to the set of zero measure on the
x-axis, less than any preassigned positive é&:

m(E') = Ly(x)dm<e, m(E)<d.

Thus we must have the result that lim,_,(z(¢-+h)—a(t))/h exists and
is equal to 1/g[z(¢)] almost everywhere, o’ < ¢t < 0.

If we can show that x(¢) is a Lebesgue integral we can then state
that the tfunction is the indefinite integral of its differential coefficient,

dt

C T Ju gl2(]
condition that a function be an integral in the sense of Lebesgue is that
it be absolutely continuous.f We shall prove that this is true for x(?);
that is, we shall show that X' |x(b;)—x(a;)| formed for any set of non-
overlapping closed intervals E’ can be made uniformly small by taking
m(E’) sufficiently small. In other words, if we are given any positive ¢,
however small, we can find a positive 0 such that if m(E’)<Cd then
m(E)<e, where E is the set of intervals on the z-axis corresponding
to E’. For the set of points on which ¢ < V'0 is of measure 7(d)
vanishing with J; we pick V' d-+49(6)<<e and require m (E') <.

* de la Vallée Poussin, loc. cit., § 21.

T de la Vallée Poussin, loc. cit., § 14.

1 Vitali, Atti della Reale Accademia di Torino, vol. 40 (1905), pp. 1021-1034;
Lebesgue, loc. cit., p. 129, footnote.

+ a. It is well known that a necessary and sufficient
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Splitting E into the measurable sets of points Ei, E; on which g> Ve,
g < V'3 respectively, we see that

Vém(E) < J;gdx < Lgda: = m(E')<d,
whence '

m(E) = m(E)+m(£) < V6 4q(8)<e.

The proof of the first part of the lemma is thus completed. The second
part, in which g(z) is negative almost everywhere, is proved in the same
manner.

The second lemma we state without proof. It is

LemmA IL* If 2z = 2(t) is the Lebesgue integral of a summable function h(t)
which s positive (negative) almost everywhere on (a', V'), then for any sum-
mable function f(x)

[ iz = f Fla)] 228 4 — f Az h(D) at,
b = z(b'), a=x(a).

‘With the aid of Lemmas I and II we are now able to demonstrate
THEOREM IV. If p(x) f(x) is summable, 0 < x < 1, then

9X4) 4y — Xt

J;pfdw = fp[X,(t)]f[X,(t)]
]

where X;(t) is the inverse of t = P(x) for the interval &; and, conversely,
if f(2) is summable and is defined outside the unit interval by the periodic
relation f(t+ 1) = f(t) or by the anti-periodic relation f(t+1) = —[f (1),

then
[rwat = [ 121 459 a0 |y 1PN,

Proof. On the interval &;, the function ¢ = P(«) is the Lebesgue integral
of a function positive (negative) almost everywhere on that interval, so
that by Lemma I we can invert { = P(z) by means of the function

ot ae
%= J it + o

* Lebesgue, Annales de l1a Faculté des Sciences de Toulouse, ser. 3, vol. 1 (1909),
Pp. 256-117, especially p. 44; Hobson, The Theory of Functions of a Real Variable, second
edition, Cambridge University Press, 1921, § 440, pp. 592-595.
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for ¢ on z;: (ai, b;) and x on &:(a;, b;). We then apply the second Lemma
to each of the two integrals J; pfdzx, J: Jdt remembering that 1/p[X;(¢)]
(] i

is positive almost everywhere or negative almost everywhere on 7z; according
as p is positive or negative almost everywhere on &. It should be noted
that since p is bounded, pf is certainly summable if f is.

In order to pass to the consideration of integrals like those which appear
as the coefficients in (8.1) and (8.2), we introduce new concepts. If we
define X;(¢) by the periodic relation X;(¢+ 1) = X;(¢) for all the intervals
ti+k, k=0, 1 1,... then for some %, say k;, one of these intervals will
lie entirely on the unit interval and thus

j;f[X,-(t)] dt =¢£&k fIX: ()] dt.

The new interval =z; + k; will still have definite positive or negative sense;
to eliminate this circumstance, we let z} be the interval z; -+ k; taken in the
positive sense. We can then write

[ rxna = | senesixion at

where sgn 7; = 41 if 7; has positive sense and sgn z; = —1 if z; has
negative sense. With a view to the discussion of the series (8.1) we now
define a function

91(t) = fu@®)+f(O)+ - +fim (D),

where fi; = sgn 7; f[X;] on 7 and is identically zero elsewhere on (0, 1).
Similarly, with a view to the treatment of (8.2) we define a second function

9:(t) = fu (W) +f(®)+ - +Fom (1),

where fo; = (—)% sgn =; f[X;] on z; and is identically zero elsewhere
on (0,1). These two functions are so related to f(x) that we shall call
them the first and second P-average functions for f(x), respectively. The
introduction of these functions is prompted by considerations which will be
more apparent later in our work.

We now prove two theorems on integrals which will serve as the basis
for our analysis of the series (8.1) and (8.2). We begin with
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THEOREM V. If p(x) f(z) is summable, then g,(t) and gs(t) are sum-
mable and

[r@ s aa = [ awar.

If p(x) f2(x) is also summable, then g,(t) and gs(t) are both summable
with summable square. If f(x) is bounded, then g,(t) and gz (t) are also
bounded.

Proof. If p(x) f(x) is summable, then, by Theorem IV.

L‘Pfdx =£1fu(t) at
J;‘pfdx = (——1)"*J:fzi dt

so that fi; and f5 are summable. Since g;(¢) is a linear combination of
the fis and g;(¢) of the fu, both g¢1(¢) and g.(f) are summable. The
addition of the equalities

1
fﬂNw=fmw
& 0
gives us the fact that

'J;lpfdx =J;lg1(t) dt.

If psf* is summable also, then L pf*dz exists and by Theorem IV and
(]
the definition of the functions fii, f2 is equal to

1 1
ﬂmm=£@u.

Thus f3 and fZ are summable so that this is also true of g, and g,.
1
We may note that if J; pSf? dz exists the inequality

| [ orac|< [ onaa

= Jvar vt inas <) [Cislas [ 1ol a0

and

proves the existence of J:p fdx.

26
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Lastly, if f is bounded so are fi; and fx. In consequence g, and g,
are also bounded.

The other theorem serves as a sort of converse to the one we have
just proved. Its statement follows:

THEOREM VI. If h(t) is summable and is defined outside the unit interval
by the periodic relation h(t+1) = h(t) or the anti-periodic relation
h(t41) = —h(2), then p(x) h[P(x)] is summable and

1 1
j‘: ph[P]dx = J; h(t) dt.

If h(t) is in addition of summable square, then ph®[P)is summable. If h(t)
is bounded, then so is h[P(x)].
Proof. In any of the three cases we can write

j; h(t)dt =$:J;h(t)dt =$.f&p(x)h[P(x)] dx :jolp(x)k[P(x)] dz.

Thus p4 [ P] is summable. In case we have A2(¢) summalble we may relplace h(t)
by 2*(¢) in the equalities just written down, obtaining J: RE(t)dt =J; ph®[ Pldx
and in this way proving that pA*[ P] is summable. It is obvious that if % (¢)
is bounded, A[P] is also bounded.

With Theorems V and VI we are prepared to treat the two series (8.1)
and (8.2). It seems in place, however, to say a word about the possibility
of extending the results of this section to transformations associated with
a somewhat more general class of functions p. To obtain analogues of
Theorems IT and IITI it is sufficient to require that it be possible to deter-
mine a denumerably infinite set of non-overlapping intervals o,, g5, 0s, - - -
covering the unit interval except for a set X of zero measure and such that
on ¢; the function p(x) is either positive or negative almost everywhere.
The analysis necessary to establish a theorem parallel to Theorem III is
somewhat more complicated than that which we have found sufficient for
the type of function p(x) we are considering. Theorem IV remains the
same. By investigating some simple convergence questions we can set up
the P-average functions for any function f(z), but Theorems V and VI are
no longer true, at least for the general class of functions p(z) just defined.
To bring out the essential points of the treatment which we have outlined,
we shall take up a simple example.

We shall define p(z) so as to be constant on each of a denumerably
infinite set of intervals g,, gz, ---. It is well known that the infinite series
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14237 (1/n®) converges to a positive constant C. The interval ¢, shall
be of length 1/C and shall have x = 1 as an end point. Then g; shall
abut on ¢, and be of length 1/4C, gz shall abut on ¢; and be of length 1/4C.
In general, ¢;i; shall abut on ¢;, and @x, os+1 shall each be of length
1/((k+1)*C). Then 3 m(e:;) = 1. We shall denote the end points of
the intervals ¢, 03,+-- by 1 = ay>a; >as---. Now we put

p(x) = +O, a2k+1>x> A2k+-2
»(z) = —C, ax>x> a1y k=0,1,2,..
p(a) =0

T
A few simple computations show that P(z) = J; p(x)dz is a linear function
of z on each g-interval, while P(au) = 1/(k+1)%, k=0,1,2,--. and
P(agt1) = 0, k = 0,1,2,.... The e-intervals of this example are
precisely the §-intervals analogous to those of Theorem II. By the trans-
formation ¢ = P(z) there corresponds to the interval gs; the interval
Taeta : (0, 1/(k+1)*) taken in the positive sense, and to the interval gz the
interval ze: (0, 1/(k+ 1)?) taken in the negative sense. Since all the inter-
vals z; are on the unit interval, the two P-average functions coincide in
this case. In constructing this one we will obtain instead of a finite sum
an infinite series which, however, has the peculiarity that on any interval
(e, 1), €0, it is actually a finite sum. As an example we may take the
bounded summable function which is identical to 1 on ¢, gs, 05, ---, and
identical to zero elsewhere. We have at once

f pdx = dt.
Pok1 Tek+1

Thus if we put faet1(f) = 1 on 7a41 and let it vanish identically elsewhere
we find that the P-average functions for this particular f(z) are given by
the infinite series g(¢) = 2/;2 /ey, (¢). It is quickly seen that g(¢) =k
on [1/(k41)% 1/k*]. Now f(x), being bounded, is of summable square;
but, on the other hand, we see that

R N 1 2kt
‘ﬁg at _;;1" [ﬁ_(k+1)2] “gl(qu)“

a divergent series. Thus ¢g(¢) is not of summable square, and Theorem V
is not true as a whole for this transformation. In the same way we can
26*




350 M. H. STONE [July

1 1
show that, although }¢ 2 is summable, §p(x) P 2 (z) is not; for if
1

3p P ? were summable its integral over the set of intervals e1, gs, g5, - - -
o 1
would exist and would be given by > f p P 2 dzx. This last expression
k=0

Par+1
turns out to be a divergent series since

0 [ 1 0 1 -1 00 lt:(k-:l)' o0 1
2 pP 2d.’b=2 —2—t 2dt=2[t2]t=o =Em.

k=0Jpy,y, k=0 1y,

Thus Theorem VI is not true as a whole for this special case.

The example which we have just discussed makes it clear why we have
not attempted to take p (z) of more general character, and serves to
indicate along what lines any generalization can be expected to take place.
With this we may leave the developments of this section.

IV. THE BEHAVIOR OF THE FORMAL EXPANSIONS

Instead of discussing the series (8.1) and (8.2) alone we shall consider
a wider class of series including these two as special cases. If we are
given any normal orthogonal set ¢1(¢), where ¢u(t+1) = ou(t), we
can apply Theorem VI to the summable function ¢i;(¢) ¢1x(¢), whence

1 1 0 sk
f P1 P dt =J P 91[Plou[Pldx = { 1’ + }
0 0 1 i=k

The set (9) is a special case. Similarly, if we are given a set of normal
orthogonal functions ga(f) where ¢ (¢+1) = — 9x (¢) we find

1 0i4k
[ reutProntpiaz ={7 ;T

The set (10) is a special example. It is natural to form from the sets

oulP], ¢[Pl, o¢us[P], -
9’21[-P]; 9'22[1)]) ?%[PL

formal series 2)7° an 1 [P] and 7 aze 92 [ P] respectively for any function

1 1
of the class for which anx = j; pfou[Pldx and agx =J; pfpu|Plda
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exist. If ¢, 92 are bounded then this class of functions is at least the
class of all functions for which p(z)f(z) is summable. If o, go are
summable with summable square then this class is at least the class of all
functions folr which p(z)/? 1(ac) is summable. By Theorem VI the Lebesgue

integrals J:P 93 [Pldz, fop 92, [P]dz exist. Because of the existence of
1
[ praz the inequatities

1 1
’fl’f%k[P]dx §f|pfq’1klP]|dx
0 0
1 - - 1 1
T AN

1 1
lﬁpf%k[P]dw gJ;'l’f‘sz[P]Idx
1 - - .
- . VA ViallouiPllas< |/ [etrmae [ il silpias

demonstrate the summability of the measurable functions pf e, pf Pox.

We come next to

THEOREM VII. The Fourier-like coefficients of f(x) in terms of the set
of functions ¢11[Pl, ¢12[P), - - - are the Fourier-like coefficients of the first
P-average function for f(x) in terms of the set ¢u (%), 912(t),---; and the
Fourier-like coefficients of f(x) in terms of the set 9o [P], gaa[P),--- are
the Fourier-like coefficients of the second P-average function for f(x) in
terms Qf the set qizl(t), q’zz(t),

Proof. If G (t) is the first P-averdge function for the product fo.[P]
then, by Theorem V, f Gudt —f pSfow[Pldt. Now Gu(t) when evalu-

ated is precisely gl(t)gplk(t) where g, is the first P-average function for

Sf(z). Hence ayx = A pfgolk[P]dx = J; g1 (D) pu(t)dt. In thesame way,

if Gok(2) is the first P-average function for the product fo.[P] and g; is
the second P-average function for f(z) then

Gau(t) = g2 (t) pax(t),  az =f0pfq>2k[P]dx =J;!}2(t)9’2k(t)dt-

1
CoroLLARY I. If J; pfPdx exists, a series formed from 25 auyw[P] by
grouping its terms suitably will converge essentially uniformly to gi[ P] where
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gi(t+1) = gi(t); and a series formed from X az g [ P] by grouping
its terms properly will converge essentially wuniformly to gi [P] where
g (t+1) = —gi (1), 1

Proof. By the hypothesis that J; pfidx exists we have the fact that

the two P-average functions for f(«) are summable with summable square.
Consider the first of these, g1 (¢). By the Riesz-Fischer theorem, in the
form given to it by Weyl, there exists a series formed by grouping the
terms of the series >3° aw g () which will converge essentially uniformly
to a function gf(¢), where g1(¢t)—gi(¢) is a function all of whose coef-
ficients with respect to ¢11(?), ¢12(¢), --- vanish.t By essentially uniform
convergence we mean that, given any decreasing sequence of positive &”’s
with limit zero, & > ¢ >>¢; > ..., we can find on the unit interval a sequence
of measurable point sets Ey, Ey, Ky, --- each contained in the succeeding
set, with m (Ey) > 1—¢k, such that on each set of the sequence the series
converges uniformly to its limit. On the unit x-interval we now have a
sequence of point sets Ei, K., Fs,--- where Ej is the set of points for
which ¢ = P(x) takes on values congruent (modulo 1) to a point of EY.
We see that on E the series formed by grouping the terms of 37 ask g1 [ P]
converges uniformly to gi[P] because of the periodicity of the functions
91c(t). Now CEy, the set complementary to Eg, consists of all the points
of the unit z-interval for which ¢ = P(xz) is not congruent (modulo 1) to
a point of Ey; that is, of all the points for which ¢ = P(«) is congruent
to a point of CEY. Thus CEj can be obtained as the sum of the point
sets e, €k, sk, -, emk, Where e; is the set on & corresponding by the
relation { = P(x) to a set congruent (modulo 1) to CEy. Sincem (CEY) < ¢iwe
can enclose CEy in an open set O; of measure < 2¢;. On the interval &; the
set oy corresponding to Oi contains e;. Since for values of ¢ on z; we have

dt
= X;(t) = frm—l—ai

it follows that m(ow) is given by the Lebesgue integral of sgnz;/p[Xi)
taken over the points of Ok on 7z;. From this point on we apply the
arguments we used in discussing a similar situation in the proof of Lemma I.
By choosing  an ¢ small enough we can make m(CEy) = 2™  m(ex)
< >m  m(ox) less than any preassigned positive . Thus, given a sequence
of decreasing positive &’s with limit zero, we can find a subsequence of
Ey, Es, Ey,---, say E{', E)', Ej', ---, such that m(E;’) > 1—¢&. The

T Plancherel, Rendiconti del Circolo Matematico di Palermo, vol. 30 (1910),
pp. 289-335, chap. I.
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series formed by grouping the terms of X° awgu[P] therefore converges
essentially uniformly to the function ¢i[P] where gf (¢4 1) = gi(¢). If
the set ¢ (¢) is closed with respect to all functions summable with sum-
mable square—that is, if the only function of this class which has all zero
coefficients with respect to the set is identically zero except on a set of
measure zero—then g¢i(¢) = ¢1(¢) almost everywhere. Exactly the same
sort of reasoning applies to the function g» (¢) and the series 37° ase 92 (t),
the only difference being that here the functions . (%) are anti-periodic
instead of periodic.

CoroLLARY II. If the set ¢u(t) is closed with respect to all functions
summable with summable square, and if fi(z) and fo(x) are two functions

1
such that J; pfidz and s pfidx exist, then a mecessary and sufficient

condition that fi(x) and fo(z) have the same coefficients with respect to

oul[Pl, ¢1o[P], .- s that their first P-average functions coincide almost

everywhere. If the set i is closed with respect to all summable functions,
1 1

and if fi(x) and fo(x) are two functions such that J;pfl dx and J;pfg dx
exist, then a mecessary and sufficient condition that fi(x) and fa(x) have
the same coefficients with respect to the set @11 [P), ¢1a[P), --- is that their
Sirst P-average functions coincide almost everywhere. Similar statements
involving the second P-average functions can be made for the set ¢un[P],
922[P], ---.

As we have aready remarked in § IT the sets (9) and (10) are closed
with respect to all summable functions.

Corollary I to Theorem VII suggests a theorem which we shall prove
independently as

Tueorem VIII. If the function P(x) is not monotone, there are infinitely
many non-null functions whose P-average functions are both identically zero.

Proof. By a non-null function we mean any function which is not a null
function; and a null function is any function identically zero except on
a set of measure zero. When we assume that P(x) is not monotone we
assume that there are two or more of the intervals g; described in § I.
For the sake of definiteness we shall assume that on ¢; : (0, a) the function
P(z) increases from zero to P(a) while on ¢;:(a, b) it decreases from
P(a) to P(b). If P(b) =0 we consider the interval R; made up of g, and
the sub-interval of o; for which P(d) < P(z) < P(a); in case P(b) < 0
we take the interval R, composed of o; and the sub-interval of g; for which
0 < P(x) < P(a). If there is given any bounded summable function
h(t) defined for all values of ¢ on the interval 0 < ¢t < P(a), we set
S(z) identically equal to A[P] on Ri or R as the case may be, and
identically equal to zero elsewhere, 0 < x < 1. It is then not difficult



354 M. H. STONE [July

to see by reference to the definitions of the two P-average functions for
f(z) that both these functions vanish in the case of the bounded summable
function which we have constructed. All the coefficients of f(x) with
respect to the sets ¢ [P], ¢12[P], --- and ¢au[P], ¢s[P],--- exist and
vanish by Theorem VII. It is, of course, unnecessary but simpler to confine
ourselves to bounded functions.

Theorem VII, Corollary I, and Theorem VIII reveal the striking peculiarities
of the expansions of §I and their generalizations; peculiarities entirely
new, so far as we are informed, in expansion problems. For any function

1
f(z) such thatJ; p(x)f?(x)dx exists, the formal series will always represent
in a certain sense a definite function, which will be of the specialized

1
form gi[P] or gz[P]. It is clear that if J; pf2dzx exists then f(z) can

be represented by its formal series in terms of a closed set ¢u[P], ¢12[ P], - -
if and only if its functional values are so distributed that it is of the form
q[Pl, 1(t+1) = ¢1(t) except possibly on a set of measure zero; and
by its formal series in terms of a closed set ¢x[P], ¢[P],--. if and
only if its functional values are so distributed that it is of the form
92[Pl, g2(t+1) = —g2(t) except possibly on a set of measure zero.
There are infinitely many functions all having the same formal expansions
in terms of the two general sets of functions which we are discussing,
and this quite apart from any considerations of the closure of the sets
ou(t), 912(t), --- and ¢21(%), ¢22(¢),---. The remarks which have just
been made are, of course, expected to apply only in case P(z) is not
monotone. 1f P(x) is monotone the expansions have no unusual properties.

The detailed consideration of a formal series here is thrown back on
to that of the series X ®aupn(t) for gi(t) or the series 3 aox 92k (t)
for g2(t). We do not intend to go deeply into any such discussion, but
will close with one theorem bearing on the series (8.1) and (8.2):

TueoREM IX. If the function f(x) is of bounded variation and if its
first P-average function is extended by the periodic relation gi(t+1) = g1(¢)
then the formal series (8.1) converges at every point x for which P(x) = t
to the value 2(g1(fto+0)+g1(to—0)); and if its second P-average
Sfunction is extended by the relation go(t+41) = —g2(t) then the formal
series (8.2) converges at every point x for which P(x) = t to the value
3(g2(to+0) + g2(%—0)).

Proof. The function f(x) can be represented as the difference of two
monotone increasing functions f; and f; because it is of bounded variation.
Now the functions fi; (¢) and f (¢) used in defining the P-average functions
for f(x) are constant multiples of f[X; (¢)] on #; and zero elsewhere. X;()
is periodic of period 1 and is monotone on z;. Since a monotone function
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of a monotone function is monotone, both f;[X;(¢)] and f3[X; (¢)] are
monotone on j; and f[X;] = fi[Xi] —/f3[X;] is therefore of bounded
variation on z;. Thus ¢, (¢) and gy (¢) are also of bounded variation, being
linear combinations of functions of bounded variation. Now the series for g,
in terms of the set (9) is the Fourier series for a function of bounded variation
and therefore converges to 4 (g; (£, -+ 0) + g1 ({,—0)) at £,. The substitution
of P(z) for t gives the first part of the theorem as stated. Likewise, as
we saw in Theorem I, the series for gs(¢), where gs(t+1) = — g5(¢), in
terms of (10) is the Fourier series on the interval (0,2) for a function
of bounded variation. The series converges at the point ¢ to the value
3(ga(t+0)+ g2 (4,—0)). The substitution of P(x) for ¢ completes the
theorem.

Other theorems of a similar nature will readily suggest themselves to the
reader. We shall not go into any further detail, having obtained by the
work up to this point a fairly complete idea of the character of the expansion
problems arising from the two differential systems (1) and (2).
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